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CONSTANTIN N. BELI 

If K is an algebrically closed field, n > 1 and K[X] = 
K[Xi, . . . , X n ] we determine all finite nonempty sets I C Wq 
such that every P G K[X] of the form P = a iX l with 
a,; G X* Vi G / is decomposable. We also cosider the 
problem of finding all sets I such that every P = ^2 ieI a-iX 1 
with a, G if* is irreducible and how the answer to this 
problem depends on the characteristic. 

1. Main theorem, the first implication 

Let K be an algebrically closed field and let n > 1 . Let X\ , . . . , X n be 
variables. We denote X = . . . , X n ) and K[X] = K[X 1 , . . . , X n ]. 
If i = (zi, . . . , i n ) we denote X* = X? ■ ■ ■ Xfr. 

For any P E K[X] we denote by I(P) C N n the support of P, 
which is the finite set for which P can be written as P = J^ieiYp) a «^* 
with aj G K*. (We make the convention that N = No, the set of all 
non- negative integers.) 

Various mathematicians have produced irreducibility criteria in terms 
of I(P) only. Most of these results are consequences of the follow- 
ing principle. If X t \ P Vt and the Newton polytope of P, C(P) : = 
conv/(P) cannot be written as a Minkowski sum C(P) = C + C", 
where C, C" are convex polytopes of positive dimensions with vertices 
in Z n then P is irreducible. However this is not the most general result 
possible and the problem of finding all finite nonempty sets I C W 1 
such that any P G K\X\ with I(P) = I is irreducible is very unlikely 
to have a simple solution. In this paper we consider the opposite prob- 
lem of determining all sets / such that every P G K[X] with I(P) = I 
is decomposable. In our main result, Theorem 1.3, we prove that this 
happens in only three trivial cases. 
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2 



CONSTANTIN N. BELI 



For any finite non-empty I C N n we define Vj = Vi(K) and Zi = 
Zr(K): ' 

V7 := {P g K[X] | I(P) = 1} and Z r := {P G Vj \ P is reducible}. 

We have Vj = (fT*)' 7 ', which is an affine variety over K. We will 
prove that Zi is a subvariety in Vj and we give neccesary and sufficient 
conditions such that Zi — Vj. Obviously if n = 1, when every polyno- 
mial of degree > 2 is reducible, we have Vj — Zi iff I %. {0,1}. When 
n > 2 the conditions are much more restrictive. 

We also define: 

Wi = Wi(K) := {P G K[X] | P ^ 0, J(P) C /}. 
We have = A^l \ {0} so W T /K* = pl'l" 1 . 

For any P,Q G iffX] we have 7(PQ) C J(P) + I(Q). Hence if 
J' + I" C. I the mapping (P, Q) PQ defines a morphism of quasi- 
projective varieties Hpj» : W 7 // x W 7 /" — > Wj. It induces a morphism of 
projective varieties ~p, r j„ : Wr/K* x W 7 /"/!^* -» Wi/K*. 

On Vj, W 7 /, PFj/K"* we consider the Zariski topology. Then Vj is open 
in Wj. Also if I C J then is closed in Wj and, moreover, W 7 / is the 
closure of V/ in Wj. 

Lemma 1.1. The image of pLpj" : Wp x Wp> — > W 7 / zs closed in Wj. 

Proof. Since Tip,/// : Wj>/K* x Wp>/K* ->■ Wi/K* is a morphism 
of projective varieties rm/Zjvj» is closed in W 7 /-/!^*. But the can- 
nonical projection 717 : W 7 / — >■ H 7 ///!"* is continuous and lmfj,pjn = 
7r7 1 (Im7I / , iJ „) so Im fipj» is closed in W^.D 

Proposition 1.2. closed in Vj. 

Proof .If i = (ii, . . . ,i n ) £ N n we denote X] * := *i + ' ' ' + F° r an y 
d G N we denote I d = {i G W | £ i < 4- Then W 7 /, = {P G P~[X] | 
P ^ 0,degP < d}. 

Let d = m&x{Y^i \ i G P}- Then degP = d for any P G V}. We 
may assume that d > 2 since otherwise = 0. Now if P e V} we 
have P G Z t iff P = QP for some Q, P G K[X\ of degree < d - 1, 
i.e. iff P is in the image of fii d _ 1 ,i d _ 1 ■ W / 7 d _ 1 x Wi d _ 1 — > Wi 2d _ 2 . Hence 
Zj — Vi fl Im/// d _ 1) / d _ 1 . But by Lemma 1.1 Im//7 d li / d l is closed in 
Wi 2d _ 2 so is closed in I 7 /. □ 

Let ei, . . . , e n be the cannonical basis of Z n , e t — (0, . . . , 1, . . . , 0). 

Theorem 1.3. Let I C N n be finite and nonempty. Then Zi = Vj if 
and only if one of the following holds. 
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(i) I C e t + N n and I ^ {e t } for some t. 

(ii) There are i = (ii,...,i n ) and j = (ji,...,j n ) with i t j t = 
Vt and gcd{ii, . . . ,i n , ji, . . . , j n } > 1 such that i,j G I C := 
{(1-X)i + Xj | 0< A< 1}. 

(Hi) char K = p and {0} ^ I C pN n for some prime p. 

Proof of "if". 

Let P G V u P = £ ieI aiX\ We consider the three cases. 

(i) The condition that JCe t + N" means X t | P and the condition 
I 7^ {e t } means that P is not of the form aX t . Hence P is decompos- 
able. 

(ii) Let gcd{ii, . . . , i n , j ± , . . . , j n } = d > 2. Since i t j t = Vt we have 
d = gcd{ji -ii,...,j„- i n }- So an element k — i + \{j - i) G 
with < A < 1 , will belong to Z n iff A = ^ for some integer < a < d. 
So I C [i,j] nZ n = {i + ^(j-i)\0<a< d}. Hence 

d 

p = J2 a ^ i+ ^ x ^ l+ ^ j = P{X*X&), 

where 

d 

P(Y,Z) = J2*^ + ^Y d - a Z a . 

Note that aa-a ■ , a ■ may be for some < a < d but not for a = 0, d 

since i,j & I — I(P)- Hence P G K[Y, Z] is a homogenous polynomial 
of degree d > 2 not divisible by Y or Z. Since K is algebrically closed 
P decomposes as P — QR where Q,R G K[Y, Z] are homogenous of 
degrees d', d" > 1 with d! + d" = d. So P = QR with Q = Q(X^X^), 
R = R(Xd l Xd^). Since Q,R are not divisible by Y or Z we have 

\I(Q)\, \I(R)\ > 2. Since i ^ j we have X^ l+ f J ^ X^'+fc when- 
ever a ^ (3. Hence \I(Q)\ = \I(Q)\ > 2 so Q is not a constant. Same 
for P so P is decomposable. 

(iii) Since I C pN n and charK" = p we have P = Q p , where Q = 
i i . 

£ i6J af Xp\ But 7 ^ {0} so Q is not a constant so P is decomposable. 
□ 

2. Minkowski sums and Newton polytopes 

In this section we give some results on Minkowski sums of convex 
polytopes and Newton polytopes which are not esentially new. With 
different notations they can be found, say, in [G] . For the sake of self- 
containment we include th proofs. 
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We denote by (•, •) : IR n x W 1 — > R the usual inner product. 

If X C ]R n then we denote by conv X its convex hull. If X, Y C ]R n we 
denote by X+Y their Minkowski sum, X+Y := {x+y \ x G X, y G F}. 
Also ificr.i/e M n then X + y := X + {y} = {x + y | x G X}. 

Given X C R and a G M n we denote (X, a) := {(x,a) 2 6 I}. 
Assuming that min(X, a) exists we denote 

X a := {x G X I (x, a) = min(X, a)}. 

Throughout this section all subsets of M. n will be either finite sets or 
polytopes so min(X, a) will always exists so X a is always defined. 

2.1. Note that for any X, Y C R n we have min(X+F, a) = min(X, a) + 
min(F, a) and (X + F) a = X a + Y a . Also if x e X, y e Y and 
x + y G (X + y) a then x G X a , y G F a . 

Similarly if y G M. n then min(X + y,a) = min(X, a) + (y, a) and 
(X + y) a = X a + y. 

Any element x G convX can be written as x = Xlt=o^*- r *' wnere 
x t G X, At > and ^ =0 A t = 1. We have (x, a) = Ylt=oM x t, a ) - 
^2t =0 \ t mm{X,a) = min(X, a), with equality iff x t G X a Vt Thus 
min(convX, a) = min(X, a) and (convX) a = convX a . 

Let C be a polytope. We have C = conv V(C), where V(C) is the set 
of vertices. We denote by ^{C) the set of all faces of C. If dimC = m 
then J-(C) = [J^Lq J^tiC), where ^(C) is the set of faces of dimension 
k. We have J* (C) = {{w} | t> G V(C)}, T^C) is the set of edges and 
F m (C) = {C}. 

The faces of C are the subsets of C where a linear function x 1— >■ (x, a) 
reaches its minimum (or maximum). So every D G J~(C) can be written 
as D = C a for some a G M n . 

Let now C", C" be two convex polytopes and let C = C + C". For 
convenience we put V(C) = V, ^(C) = J 7 and .F t (C) = J^. Similarly 
we define V, V", J 7 ', J 7 " and ^, T", corresponding to C, C" . 

Definition 1. For any D G J 7 we define 

$(£>) = {x G C I 3y G C", i + jGD} 

= {t/G C" I 3x G C", x + y G D}. 
Since $, \1/ depend on C, C" we denote them by § C ',c", ^c,c"- 

Note that by definition if D,D' G J 7 and D' C D then $(£>') C $(D) 
and C #(£>). 

Lemma 2.2. If D = C a then $(£>) = C£ and #(£>) = C^'. 
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Proof .H x G C' a then for any y G C" we have x + y G C' a + C" = 
C a = D so x G $(-D). Conversely, if x G $(-D) then there is y G C" 
with x + y <E D. We have x G C", y G C" and i + ?/ G D = C a so 
x G C' a , y G C£. Hance $(£>) = C£. similarly (£>) = C£. □ 

Corollary 2.3. (i) The mappings D h-> $(-D), -D >->■ ^(-D) define 
surjective functions $ : J 7 — >■ J 7 ' and ^ : J 7 — >■ J 7 ". 

(ii) For any D e J 7 we have ®(D) + *(-D) = -D. For any x G C", 
y G C" we aa^e x + y e D iff x G $(-D), y G ^(-D). 

Proof '.(i) By Lemma 2.3 every $(-D) is of the form for some a G 
]R n so it belongs to J 7 '. The function $ : J 7 — > J 7 ' is surjective because 
for every £>' G J 7 ' there is some a G M n such that D' — C' a — 4>(C a ). 
Similarly for ^ . 

(ii) follows from the fact that C + C" = C and D = C a , $(£>) = 
and #(£>) = C£' for some a G M n . □ 

For any v G V we have {n} G J 7 . From {n} = $({n}) + \I/({n}) 
we get that $({n}) G J 7 ' and ^({n}) G J 7 " are singeltons. Hence 
$({n}) = {</} and ^({n}) = {v"} for some n' G V, u" G V". This 
leads to the following definition. 

Definition 2. We define <fi = <fic>,c" '■ V — > V and ip = ipc',C" '■ V — > 
V" by 

{(f)( v )} = $({n}) and {ijj(v)} = ^{{v}) Vn G V. 

Note that ^c',C" — ®c",c an d V'c ,c" — <t>C",C'- 

Lemma 2.4. (i) <p and are surjective. 

(ii) If v G V £nen <f)(v) +ip(v) = v. Moreover, if x G C", y G C" and 
x + y = v then x = <f>(v), y = if)(v). 

(lit) IfDeJ r ,D' = $(£>) and D" = V(D) then <p D ',D" = <t>\v{D) and 
•tyjyjy, = ^, V(D) . Also (f)(V(D)) = V(D') and i/>(V(D)) = V(D"). 

Proof. (i) Let v' G V. Then {v'} G J 7 ' so by Corollary 2.3(i) there is 
D G J= with $(£>) = {«'}. Let v G V(D). Then {v} G J 7 and {n} C D 
so $({n}) C $(£>) = {«'}. It follows that $({n}) = {n'} so n' = 0(n). 
Thus is surjective. Similarly for ifj. 

(ii) By Corollary 2.3(h) we have {0(^)}+{^(^)} = $({n})+^({n}) = 
{n} so 0(n) + ip(v) = v. For the second claim note that x + y = v may 
also be written as x + y G {v}. Since x G C, y G C" this implies by 
Definition 1 that x G $({n}) = {0(n)}, y G ^({n}) = {^>(u)}. 

(iii) We have D' + D" = D so we have the surjections 0' := 4>d',d" ■ 
V(D) ->■ V(£>') and V' := ^ : V(D) ->■ V(D")- If u e V(£>) by 



6 



CONSTANTIN N. BELI 



(ii) (p'iv) + if>'(v) = v. But we have v G V, <f>'(v) G C and ip'(v) G C" 
so, again by (ii), 0'(f) = 0(f) and ip'(v) = ip(y). So 0' = 0|v(d) and 
■0' = ip\v(D)- Hence <j>(V(D)) = Im0', which by the surjectivity of 0', 
equals V(D'). Similarly i/>(V(D)) = V(D"). □ 

Corollary 2.5. (i) If D G 7 then D = $(£>) + ^(D) is the only way 
of writing D as D = X + Y , with X, Y convex sets, X C C' , Y C C" . 

(ii) If D G T, D' = $(£>) and D" = V(D) then $ D r tD „ = $>\ T{D) 
and ^ D ' tD " = ^\T{D)- 

Proof. (i) Let X C C", F C C" be convex sets such that X + F = C. 
Then Vx 6 I Vj/ G F we have x G C", y G C" and :r + yGX + F = L>. 
Thus x G $(£>), y G V(D) by Definition 1. So X C $(£>), F C 
*(-D). For the reverse inclusions let £>' = $(-D), -D" = ^(D). Since 
£>' = convV(-D') D" = convV(-D") and X, Y are convex it is enough 
to prove that V(D') C X, V(D") C F. But for any f G V(£>) we 
have f G -D = X + F so v = x + y with x G X, y G F. Since 
v G V, x G X C C" and y G F C C" we get x = 0(f), y = tp(v) by 
Lemma 2.4 (ii). Hence 0(f) G X, ip(v) G F Vf G V(D). It follows 
that V(D') = 0(V(D)) C X and V(D") = V>(V(L>)) C F. (See Lemma 
2.4(iii).) 

(ii) Since D = D' + £>" we have $' := $ D , tD „ : ^(D) ->■ F{D') and 
: = # D , D „ : F(D) ->■ F{D"). If E e F{D) then ^'(#) ^ D f C C' 
and £ ^" £ C" are convex and £ = $'(£) + ty'(E). Thus 

= and = V(E) by (i). □ 

Lemma 2.6. (%) For any [f,f] G J 7 ! t/iere is < A^] < 1 such that 
<f>(w) - (f)(v) = X[ v>w ](w - v) and ip(w) - ip(v) = (1 - X[ v>w ])(w - v). 

(ii) For any [fi, f2], • • • , [f jv-i, fw], [vn, ^1] G T\ we have 
X[ Vl , V2 ](v 2 — vi) H h A^.^^fjv - fjv-i) + A[„ JVj „ 1 ](?;i - v N ) = 0. 

Proof. (i) Let -D = [f,f]. Since V(-D) = we have by Lemma 

2.4(iii) V($(D)) = {0(n),0H} so $(£)) = [0(f), 0H]. (Note that 
we may have 0(f) = (f>(w), in which case [0(f), 0(f)] is a singel- 
ton.) Similarly ^(D) = [if)(v),ip(w)}. By Lemma 2.3(h) we have 
[0(f ), 0(fj)] + [-0(f ), -0(fj)] = [f,u>]. In particular, (f>(w) +ip(v) G [v,w]. 
But 0(f) + -0(f) = f so 0(f) + -0(f) = f + 0(f) — 0(f)- It follows that 
f + 4>{w) — 0(f) = f + A(w — f ), i.e. 0(w) — 0(f) = A(w — f ) for some 
A = X VtW , < A < 1. Since also (0(f) — 0(f)) + ("0(f) — "0(f)) — w — v 
we get also ip(w) — -0(f) = (1 — X)(w — v). Obviously X v>w = X WtV so in 
fact A = X[ VjW y 

(ii) Follows trivially from (i).D 
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Proposition 2.7. (i) The polytopes C',C" with C + C" = C are 
uniquely determined up to translations by the coefficients \ VjW \ defined 
in Lemma 2.6. 

(ii) If < A < 1 then X [vM = A for all [v, w] G Tx iff C = AC + /3 
and C" = (1 - A)C - (3 for 'some (3 G R n . 

(Hi) C is a singelton iff all \[ v>w ] are 0. C" is a singelton iff all X[ v>w ] 
are 1. 

Proof, (i) Let Vq G V and let 0(t>o) = ex. For any t> G V there 
is a path of eges going from v to v, i.e. there are Vi,...,vjv = v 
such that G J 7 ! for 1 < s < N. By Lemma 2.6(i) we have 

(f)(y) = a + Y^s=M V s) ~ <j>(Va-l)) = » + Y^s=l X [v s -i,v s ]( v s-V s -l)- Also 

ip(v) = v — <f)(v). Now C = conv V = convlm0 and C" = convV" = 
convlm^. Hence C',C" are uniquely determined by a and X\ VjW ]. If 
a is replaced by a' = a + (3 then 0, ip will be replaced by 0', ip' with 
= <f)(v) + (3 and ^'(u) = Thus C" and C" will be replaced 

by C[ = C + p and C'{ = C" - (3. 

(ii) If C = AC, C" = (1 - A)C then C = C + C" follows from the 
convexity of C. If v G V then t> = Af + (1 — A)i> and Af G C, (1 — A)f G 
C" so = Aw, ip(v) = (1 - A)u by Lemma 2.4(H). If G J 7 ! 
then A[„ jIU ](k; — v) — 4>{w) — (p(v) = \w — Xv so A^j = A. By (i) all 
other decompositions C = C + C" with Ar„ jW ] = A V[f,w] G J 7 ! are 
with C = AC + /3, C" = (1 - A)C - /3 for som /3 G M n . 

(iii) follows from (i) with A = and A = 1. □ 



Corollary 2.8. If C is a triangle then the only decompositions C = 
C' + C" are of the form C = XC + /3, C" = (l-A)C-/3 with < A < 1 
and (3 G W l . 

Proof .Let V = {u,v,w}. By Proposition 2.7 we have to prove that 
A [„,*,] = X[ V>W ] = A [tUjU ]. But this follows from = X [U;V }(v-u)+X [v>w }(w- 
v) + X [w . u] (u -w) = (A [Uj „] - \[ w ,u])(v -u) + {X [v , w] - X [WtU ])(w - v). □ 

2.9. Remarks The condition (ii) of Lemma 2.6 is equivalent to the 
apparently weaker statement that Xy VltV2 \v 2 — v 1) + • • • + X[ Vn _ uVn ] (vn — 
vn-i) + \v N ,vi]( v i ~ v n) = whenever v\, . . . , are the vertices of a 
2-dimensional (polygonal) face of C. 

Proposition 2.7 gives only a unicity statement. In fact we also have 
existence. Namely the following result holds. 
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Theorem 2.10. 3 Let C be a polytope. Let X[ VjW ] G [0, 1] for [v, w] G T\ 

With \[ VuV2 ](v 2 — Vi) H \-X[ Vn _ uVn ](v n -v N -i) + X[ VN:Vl ](v 1 -v n ) = 

whenever [v±, . . . , vn] G Ti- Then there is a decomposition C = C' + C" 
such that (p : V — > V andip : V — > V" satisfy (j>(w)—(f>(v) = X[ v , w ]( w ~ v ) 
and ip{w) — ip{v) = (1 — \[ v>w ])(w — v) for all [v,w] G T\. C',C" are 
unique up to translations. 

We don't need this result so we won't prove it here. 

Definition 3. On W 1 we introduce the partial order relation < given 
by (#!,..., x n ) < (yi, . . . , y n ) if x t < yt Vt. For any bounded bellow set 
X C W 1 we denote by inf X its infinimum. 

We have inf X = . . . , i n ), where i t = inf{x t \ (x±, . . . , x n ) G X}. 

Note that if X is finite or a polytope we have in fact inf X = 
(min(X, ei), . . . ,min(X, e„)). It follows that inf (X+Y) = infX + infF 
and if y G R n then inf(X + y) = inf X + y. Also inf convX = inf X. 

Note that the condition inf X > is equivalent to X C [0, oo) n . 

2.11. Remark If inf C = and we ask the condition that C',C" C 
[0, oo) n then in Proposition 2.7 C, C" are uniquely determined by X[ v>w ], 
not merely uniquely up to translations. Moreover, inf C = inf C" = 0. 

Indeed, C, C" G [0, oo) ra is equivalent to inf C, inf C" > and since 
inf C"+inf C" = inf C = it is equivalent to inf C = inf C" = 0. If C = 
C' + C" is an arbitrary decomposition then all the other decompositions 
corresponding to the same A^^j's are C = C[ + C" with C[ = C + (3, 
C'{ = C" - p for some (5 G W\ Then inf C[ = inf C + (5 and inf C'{ = 
inf C" — p. Since inf C + inf C" = the only value of (3 such that 
inf C[ = inf C'l = is (3 = - inf C . 

Also since inf AC = inf(l — A)C = in Proposition 2.7(h) and 
Corollary 2.8 we replace the statement that C = XC + /3 and C" = 
(1 -X)C-f3 by C = XC, C" = (1 - X)C. 

2.12. Integral polytopes. We say that a polytope is integral if all its 
vertices have integer coordinates. We are interested in decompositions 
C = C' + C", where both C, C" are integral polytopes. Then in Propo- 
sition 2.7 X[ v>w ] should satisfy the condition X[ v>w ](w — v) G Z" '. This 
is because <j>(w) - <f>{v) G Z™. (We have <p(v),<j)(w) G V C Z™.) The 
values of X[ VjW ] G [0, 1] satisfying this condition are precisely X[ VtW ] = f , 
where d is the gcd of the coordinates of w — v and < a < d. 



3 With different notations, this result seems to appear in [KM, §4]. It might be 
older though. 
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Newton polytopes. 

Definition 4. If P G K[X] \ {0} we define the Newton polytope of P 
as C{P) := convi(P). 

2.13. Since C{P) = conv/(P) we have V(C(P)) C J(P) C Z n so 
C(P) is an integral polytope. We also have inf C(P) = inf I(P) > 0. 
More precicely inf C(P) = inf 7(P) is defined by the property that 
X~ mi C(P)p j g a p ly nom ial not divisible by X t for any t. 
Also since degX* = J^i = (i, Ylt=i e *) we nave 

n n 

degP = max(/(P),^e,} = max(C7(P), ^ e t ). 

t=i t=i 

(Same as for the minimum, we have max(convX, a) = max(X, a).) 

The most important property of the Newton polytope is the following 
result first noticed by Ostrowski 

Theorem 2.14. (Ostrowski 1921) IfP, Q G K[X]\{0} then C(PQ) = 
C(P) + C(Q). 

Proof. Let C = C(P) + C(Q). We have C = conv(/(P) + 7(g)). 
Since I{PQ) C I(P) + I(Q) we have C{PQ) C C. For the reverse 
inclusion it is enough to prove that V(C) C C(P) + C(Q). Let P = 
Sie/(P) a i X ^ Q = Si e /(p) witn & i 7^ 0- By Lemma 2.4(h) every 
v G V(C) can be written uniquely as t> = x + y with x G C(P), y G 
C(Q), namely v = <j>(v) + ij;(v) with G V(C(P)), ^(u) G V(C(Q)). 
Since V(C(P)) C J(P) C C(P) and V(C(Q)) C J(Q) C C(Q) the 
coefficient of X v in PQ is equal to 

»e/(P),j6/(Q) 

Hence u G J(PQ). □ 



3. Proof of the second implication 

We say that a finite nonempty set / C N n is good if Zj = Vj. We 
want to prove that if I is good then it satisfies one of the conditions 
(i)-(iii) of the main theorem. We assume the contrary. 

Let C = conv/. Then C(P) = C for any P G Vj. " 
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The case dimC = 0. In this case / = C is a singleton, I = {i} and 
Vj = {aX l | a G K*}. Hence Zj = Vj implies i ^ and i ^ e t 
V/c. (Otherwise every P e Vj is a constant or of the form aX t so it is 
irreducible.) Let i = . . . , i n ) and let t be an index such that i t ^ 0. 
Then I = {i} c e t + N n and / ^ {e t } so / satisfies (i).D 

From now on we assume that dim C > so / is not a singleton. We 
claim that inf C — inf I — 0. Otherwise if inf I — % — (ii, . . . ,i n ) ^ 
then there is some t such that i t > 0. It follows that I C e t + N n and 
I 7^ { e t} so I satisfies (i). 

Lemma 3.1. /// is good and inf C = then there is a decomposition 
C — C + C", where C, C" are integral polytopies of dimension > 
and inf C = inf C" = such that Wi is contained in the image of 
/ i C"nz ii ,c*"nZ" : Wc>nz n x Wc>>nz n ~> Wcnz n - 

Proof .There is a finite number of ways one can write C = C + C", 
where C, C" are integral polytopes and inf C = inf C" = 0. It is be- 
cause by Proposition 2.7 and Remark 2.11 each such pair (C, C") is 
uniquely determined by A[ V)tu ] with [i>, w] G V(C) and by 2.12 there is a 
finite number of possible values for each \[ v>w ] . Let (C[, C"), . . . , (C' N , C%) 
be all such pairs for which also dimC", dimC" > 0. 

Let P G Vi = Zi. Then P = QR, where Q,R G K[X\ are not 
constants. Since inf C(P) = inf C = X t \ P Vt so Q, R cannot be 
monomials. Therefore \I(Q)\.\I(R)\ > 2 so dim C(Q), dim C{R) > 0. 
Since C(Q) + C(R) = C{P) = C we have (C(Q), C(i2)) = (C' a , C'£ for 
some a. 

We have J(Q) C C(Q) n Z n = C' a n Z n , I(R) C C(i?) nZ n = 

C£ n z n . Since (c; n z n ) + (C a n z n ) c (c; + c;') n z n = c n 

Z n the product function /xc^nz«,C£nz™ '■ Wc> a nz n x Wc^'nz™ — > Wcnz n 
is defined and P = Q-R G Im/x^/ nz™,C"nz n - In concluzion V} C 

Ua=i Im / / C'inz«,Ci'nz™ C iy C nz™- Since Im/ic£nz«,C£nZ" are closed in 
Wcnz n and V/ is a afline variety so it is connected in the Zariski 
topology we have Vi C Im fJ>c' ai nz n ,C'j l nz n for some a. By Lemma 1.1 
Im /J>c' a nz n ,C'^nz n is closed in Wcnz n and the closure of Vj in Wcnz n is 
W 7 / so VFj C lm//c" nz 11 C'nZ"- Thus our statement holds for (C, C") = 

3.2. If C',C" are the convex sets from Lemma 3.1 we may use the 
notations from §2. Let = <pc',c" '■ V — > V, ip = ipc,c" '■ V — > V" and 
let A[ Vjtu ] for G be defined as in Lemma 2.6. 
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By Proposition 2.7(iii) since neither C nor C" is a singleton the 
numbers X[ VjW ], [v,w] G T\, cannot be all or all 1. 

The case dimC = 1. In this case we have C = [i,j] for some i,j G N n 
and we have {i,j} = V(C) C 7 and 7 C C — Let % = . . . ,i n ), 
j = (ji, . . .,j n ). Since = inf C = inf{«, j} (C = conv{i, j}) we have 
itjt = Vi. 

By 2.12 we have A[ij] = % with < a < d, where d = gcd{ji — 
ii, . . . ,j n — i n } Since is the only edge of C we have by 3.2 < 
X[ij] < 1 so < a < d, which implies that d > 1. But i t jt = Vt so 
0cd{ii, . . . ,i n , ji, . . . , j n } = gcd{ji - ii, . . . j n -i n } = d>l. 

Since also i,jG/C [«, j] 7 satisfies (ii). □ 

Before proving the case dim C > 2 we need two more Lemmas. 

Lemma 3.3. (i) With the notations from 3.2, we have A^-j = A 
W[i,j] G J"i for some < A < 1. Hence C = AC, C" = (1 - A)C. 
fnj 7/ [i, j] G and {i, j} C J C 7 £/ien J — inf J is a good set 

Proof. First note that if i G V and « G J C 7 then i is also a vertex 
of conv J. Indeed, we have {i} G J 7 so there is a G R n with {i} = C a 
i.e. (i, a) < (x, a) for any x G C \ {i}. Since i G conv J C conv 7 = C 
we have (i, a) < (x, a) for any x G conv J \ {i} so {i} = (conv J) a so i 
is a vertex of conv J. 

Assume now that P G Vj. Then P G Wj C Im fj,c'uz n ,C"ui. n so there 
are Q G W^c'uz", P G W^ C "uz™ such that P = QR. If d = C(P) = 
conv J, CJ = C(Q) and C'{ = C{R) then d = C[ + CJ' and we denote 
by 0' = 0c(,er = V(Ci) ->• V(C[), V' = ^c(,cf : V(d) V(Cf) and 
Aj^ ^ for [t>, iy] G J-i{C\) the 0, ^ and A[„ jW ] corresponding to Ci, C{, C". 
Now 7(P) C 7 so d C C, 7(g) C C so C{ C C and 7(P) C C" so 
C'l C C". We have « G V(Ci) so the only way of writing i = x + y with 
x G C{, y G C" is i = (f)'(x) + tp'(y). On the other hand % G V so the 
only way of writing i = x + y with x G C", y <E C" is i = (f>(x) + ijj(y). 
Thus 0'(i) = 0(i) and = VKO- 

After this introduction we start the proof of our lemma. 

(i) Consider first two edges of C that meet in the same vertex, 
[i, j], [j, k] G T\. Take J = k} and construct Ci,C[,C",(f)','tp' 
and A( i for [v,w] G J-'i(Ci) as above. Now C\ = conv J is the 
triangle [i,j,k] so by Proposition 2.7(h) and Corollary 2.8 we have 
A lu] = X 'm = But G V so 0'(O = 0( ? ), 0'(j) = 0(7), 

0'(A;) = 4>{k)- Thus A^O'-O = <t>'{j)-<t>'{i) = 4>{j) ~ 4>{i) = X^j-i) 

so A kii = a m- Similarl y x [j,k] = x m so a^j] = x m . 
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Let now [i',f] G T\ be arbitrary. Then there is a path between 
j and i' along the edges of C, i\ = j, i 2 ,...,iN — i'- Then A^j = 

\iiM = ■■■ = \i N - U i N ] = HnJ'] SO = 

Let A be the common value of all Xuj-i. By 3.2 A 7^ 0, 1 so < A < 1. 

(ii) Note that inf( J — inf J) = inf J-inf J = so J-inf J C N n . Let 
P e Vj-irf j and let P = X' miJ P. Then P G Vj. We then decompose 
P = QR as above. Since i,j € V and i,j & J we have i, j G V(Ci) and 

= 0(0, ^'(i) = = W) = B y (i) hd] = 

A ^ 0, 1 so <f>{j)-<f>{%) = X(j-i) ^ and VOVV'W = (l-A)CM) ^ 0. 
Hence ^(i) ^ and ^'(») ^ W)- Since e and 

G neither C( = C(Q), nor C'( = C(R) is a singleton so 
neither Q, nor P is a monomial. Since X mi J P = P is the product of 
two polynomials, neither of which is a monomial, we have that P is 
decomposable so P G -Zj_ inf j. Hence Zj_ iniJ = Vj_ in f j, i.e. J — inf J 
is good. □ 

Lemma 3.4. Lei i, j, k G N n &e noncolinear and let I = k}. 
Assume that inf / = 0. Then Zi = Vi if char K = p and I C p7L n for 
some prime p and Zj = otherwise. 

Proof .The first statement follows trivially from the first section as 
I satisfies condition (iii) of the main theorem. 

For the second statement let P = a i X t +ajX : > +a k X k where a i: a j: a k G 
K*. Assume that P G Zj, i.e. P decomposes. We write P = QR, where 
Q, R G are not constants and Q is irreducible. If C = C(P), 

C = C(Q) and C" = C(R) then C = C + C". Since C is a triangle 
with inf C = inf 7 = and C", C" C [0, oo) n we have by Corollary 2.8 
and 2.11 C = AC, C" = (1 - A)C with A G [0, 1]. Since Q, R are not 
constants we have C, C" 7^ {0} so A 7^ 0, 1. 

Let Q = E ft6 7(Q) with heK*. Now C(Q) = C" = AC is the 
triangle with vertices at Xi, Xj, Xk so Xi, Xj, Xk G I(Q) C N™. It follows 
that A G Q and if we write A = ^ with (a, d) = 1 then i, j, fc G JN n , 
i.e. / C dN n . By hypothesis if char K = p then J <f_ pW so p f d. 

Before going further we prove that if Si,ti, s 2 ,t 2 £ Z with si£ 2 — 
s 2 ii 7^ and £1,62 £ K* then the system X s1 ?/* 1 = £1, x S2 y t2 = e 2 has 
a solution with x,y & K* . If t 2 7^ we note that for any q G Z our 
system is equivalent to the system x S2 y t2 = e 2 , x sl y tl (x S2 y t2 )~ g = S\S 2 q . 
The second equation may be writen as x SA y tz = £3, where £ 3 = Sie 2 q , 
S3 = S\ — qs 2 and t% — t\ — qt 2 . We choose q such that \t^\ < \t 2 \. 
Note that 52^3 — s%t 2 = —(sit 2 — s 2 ti) 7^ 0. We repeat the procedure 
and obtain new equivalent systems x Sl y tl = £;, x Sl+1 y tl+1 = ei +1 with 
srfi+i — si+iti 7^ and \t 2 \ > ... > |^ +1 | until we get an index / with 
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ti+i = 0. We have ^ siU +1 - s i+1 ti = -s l+1 U so s i+1 ,ti ^ and our 
system writes as x Sl y tl = £/, x Sl+1 = £j+i, which obviously has solutions. 
(Take x with x Sl+1 = s l+ i and then take y with y tl = EiX~ Sl .) 

Let now q — . . . , q n ),r = (77, . . . , r n ) G Z n be linearly indepen- 
dent and let e, i] G X*. We claim that there is x = (xi, . . . , x n ) G (if *) n 
such that x 9 = e, x r = rj. 

Since the 2 x n matrix ( 9 ) has rank 2 there are 1 < a < (3 < n such 
that q a rp — qj3r a ^ 0. Then as seen above there are ije if* such that 
x i a yip = e and x ra y r v = 77. Then we simply take x = (x±, . . . , x n ) with 
x a = x, X/3 = y and x t = 1 for t ^ a, (5 and we have x q = e, x r = rj. 

We now continue our proof. Since — i) and ^(k — i) are linearly 
independent for any e,i] E fi d there is 7(5, 77) = (71 (e, 77), . . . j n (e, 77)) G 
(K*) n such that j(e, rj) dti-*) = £) 7(5, 77)5^-*) = rj. We define P £j}? := 
P(7i(e, 77)^1, • • .,7„(e,77)X n ) andQ e , := Q(7i(e, 77)^1, • • . ,7„(e,?7)X n ). 
Since Q | P we have Q £fl | P £ ,ri and since Q is irreducible so is Q e , v - 

For any h G Z" we have ( 7l (£,r/)X 1 , . . . , 7ri (e, r/)X n ) /l = -y(e,rj) h X h 
so P £ir? = 0*7(6, r]) l X % + aj / y(e, r/) l X j + ^7(5, r/) k X k and 
= £ fte /(Q) b h -f(e,ri) h X h . 

Note that P £>r , = 7(5, r/) i (a i X i +a j 7(e, T^'-^+a^e, r]f- i X k ). But 
7(5, r/)- 7 "* = e d = 1 and 7(e,r/) fc_;i = 77^ = 1 so P E)J? = 7(5,77)^ ~ P. 
(Here by ~ we mean that the two polynomials are associates in if [X].) 
Since Q EtV | P e>r] we have Q EtV \ P We, 77 G fid- Assume now that Q £ ^ ~ 
Qs'rf so Qe'.r?' — tQs,r] f° r some t G if*. We have A«, Aj, AA; G i(<5) and 
by considering the coefficients of X Xl , X Aj , X Xk we get t = = 

^Sff = SS^" Tt follows that tM)^ = 7(£ / ,^)^'- i) and 
7(e,77) A(fe ^ ) = -i(e\i) x{k ~ i] so e a = e /a and if = r]' a . (Recall, A = §.) 
But e, e', 77, 77' G /id and (a, d) = 1 so e = e' and 77 = 77'. Since Q £ , n \ P 
Ve, 77 G jx d and Q £ , T; 7^ Q eW if (e, 77) ^ (e ; , 77') we have Yl e , v en d Qcv I P - 
It follows that degP > deg U £ , v ^ d Q £ , v = |/i rf | 2 degQ. But C(P) = C 
and C(<5) = AC so by 2.13 degP = max(C, Ylt=i e *) anc ^ degQ = 
max(AC, Y^t=i e t) = ^ deg P > \ deg P. Since char if f d we also have 
= |Mif)| = d so |Md| 2 deg Q > rf 2 • idegP = rfdegP > deg P. 
Contradiction. Hence P is irreductible VP G V/, i.e. Zj = 0. □ 



The case dimC > 2. We will prove that I satisfies condition (iii) of 
the main theorem, i.e. that char if = p and i C pN n for some prime p. 
In fact we only have to prove that all elements of i are = mod pU l . 
Indeed, this implies that for any index t the t-th coordinates of all 
elements of I are = mod p. But inf I = so at least one of these 
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t-th coordinates is 0. Hence all t-ih coodinates are divisible by p. So 
I C pN n . 

Let i G V. We will show that for any k G /, k 7^ % we have char K = p 
and i = k (mod pZ n ) for some prime p. Let [i, j], [i, j'] G be two 
different edges emerging from i. Since k fl [i,f] = {i} we may 

assume that, say, k Since k G C this implies that k is not 

colinear with We use Lemma 3.3(H) with J = {i,j, k}. If h = inf J 
then J — h = {i — h, j — h, k — h} is a good set, i.e. = Vj_/, and 

we have inf (J — /i) = h — h = 0. Since i — h,j — h,k — h are not colinear 
we use Lemma 3.3 and we have char K = p and J — h C pN n for some 
prime p. Since i — h,k — h E pN n we get i = k (mod pZ n ). □ 

4. Idecomposability and characteristic 

From Theorem 1.3 we see that if / C N n is a finite nonempty set 
then Zj = Vj holds either for every field K, if (i) or (ii) holds, or only 
for fields with char if G S, where S is a finite, posibly empty set of 
primes depending on J, otherwise. More precisely, if / doesn't satisfy 
(i) or (ii) then S — if / = {0} and S — {p \ I C pN n }, otherwise. 

As we mentioned in §1, given a finite nonempty set / C N n , the 
question if Zi = doesn't seem to have a simple answer and we will 
not attempt to solve this problem. We will prove however that, same 
as for the question if Zj = Vj, the answer depends on the characteristic 
we show the nature of this dependence. 

Theorem 4.1. Let I C N n be finite and nonempty. Then there is a 
finite, possibly empty, set of primes S satisfying one of the following. 

(a) Zi = iff char K G S. 

(b) Zi = ® iff char K G" S. 

Proof. We use the notation from the proof of Proposition 1.2. The 
proof relies on Hilbert's Nullstellensatz. For every P G Vj we have 
degP = d := max{Si | 2 G /}. Such a polynomial is decomposable 
iff there are Q, R of degree < d — 1 with Q-R = -P. Polynomials Q, R 
may be written as Q = J2 ieId 1 a>iX\ R = YLjei d 1 ^jX^ and we have 
P = E fee / 2d _ 2 c kX k where c fc = T.ij & i d _ u i +j = k a i h r The condition that 
P G V/, i.e. J(P) = / means c k 7^ if k G / and c fc = if k G J 2 d-2 \ P 
Hence Zj 7^ 0, i.e. Vj contains decomposable polynomials iff there are 
o> — ( a i)iei d -i^ — (h)ieid-i e K 1 ^ 1 such that Cfc 7^ if k G / and 
c fc = if fc G hd-2 \ I- 

Let A = (A i ) i6 / d _ 1 and P = (Bj)j eId l be multivariables. For any G 
Jm-2 we consider the polynomial /* G PJL4, B], f k = Z) iijg/d _ lii+j=fc 
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Then Ck above can be written as Ck = fk(a,b). Hence Zj ^ iff 
there are a, b G K Id ~ x such that fk(a,b) ^ if k G /, fk(a,b) = if 
& ^ -^2d-2 \ I- Equivalently, Zj = iff for any a, 6 G K 1 ^ 1 such that 
/fe(a, 6) = VA; G /2d-2 \ / we have flfee/ /fc( a ) &) = 0. By Nullstellen- 
satz there is some iV G N and there are g% G K[A, B] for A; G ^2^-2 \ ^ 
such that 

(11/*)"= E 

fee/ kehd-2\i 

Moreover, by the effective Nullstellensatz N and an upper bound 
D for the degrees of gk can be found in terms of / alone. Then the 
equation above is equivalent to a linear system where the unknowns 
are the coefficients of the g^s. Since all f^s have integer coefficients 
the augmented matrix of the system has integer entries. Let U G 
M 9)I .(Z) and U G M g r+1 (Z) be the matrix and the augmented matrix 
and let 8 = rankf/ — rankf/ G {0, 1}. For a given field K the matrix 
and the augmented matrix are U(K) and U(K), the images of U and 
U in M q , r (K) and M q , r+1 (K). Let 5{K) = rankU(K) - rankU(K). 
If S(U) = then the system is compatible and so Zi = 0, while if 
S(K) = 1 it is incompatible so Z I ^ 0. But U(K) and I7(X) and 
so S(K) only depend on the characteristic k of K so we will denote 
them by U K , U K , 5 K . If k = then Uq — U and Uq = U so 5q = 5. If 
k = p > then £/p and ?7 P are the images of U and U in M 9ir (Z/pZ) 
and M gir+ i(Z/pZ) and 5 P = rank£/ p — rank£/ p . For almost all p we 
have rank U p = rank U and rank £7 p = rank U so 5 P = 5. We denote by 
S the finite set of all primes p with 5 P 7^ 5. Then we have either 5 K = 
if k G 5 and 8 K — 1 if k £ S, so (a) holds, or <5 K = 1 if k G 5 and S K = 
if « £ S, so (b) holds. □ 

Theorem 4.2. For any finite set of primes S each of the cases (a) and 
(b) of Theorem can be obtained for some I. 

Proof. For (b) we use Lemma 3.4. Let d = Yl P esP- We define 
/ = {(0, 0), (d, 0), (0, d)} C N 2 . Since the three points are not colinear 
and inf 1 = Lemma 3.4 applies. The only primes p with / C pN 2 
are precisely those in S. So by Lemma 3.4 Zj — Vj ^ if p G S and 
Zj = otherwise. Hence (b) holds. 

If we take, say, I = {1,2} then Zi — Vi ^ regardless of the 
characteristic of K so (a) holds with 5 = 0. However constructing sets 
/ satisfying (a) for S ^ is more difficult and requires some preliminary 
results. 
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If I C N n is finite and nonempty and K is an algebraically closed 
field we denote by A(I, K) the statement Z T [K) = 0. If I", I C N n 
are finite and nonempty denote by B(F, I", I, K) the statement: There 
are no P, Q G K[X\ with I(P) = /', I(Q) = I", I(PQ) = I. 

Lemma 4.3. // I", / C N n are finite and nonempty and K is an 
algebraically closed field then B(I',I",I,K) is equivalent to A(J,K), 
where J C N™ +2 ; 

J = (/ x {(0, 0)}) U (/' x {(0, 1)}) U (/" x {(1, 0)}) U {(0, . . . , 0, 1, 1)}. 

Proof .We introduce two more variables, X n+1 = Y and X n+2 = Z. 

If B(I', I", I, K) fails then let P, Q e K[X\ with I(P) = /', I(Q) = 
I", I{PQ) = L Then I((P + Y){Q + Z)) = I{PQ + PZ + QY + 
YZ) = (I(PQ) x {(0,0)}) U (I(P) x {(0,1)}) U (/(Q) x {(1,0)}) U 
{(0,..., 0,1,1)} = J. Hence {P + Y){Q + Z) e Zj{K) so A(J,K) fails. 

Conversely, if A(J,K) fails let F G Zj(K). We have 1(F) = J so 
F = R + PZ + QY + YZ for some P,Q,Re K[X\ with I{R) = I, 
I(P) = I', I(Q) = V 1 . Now F is decomposable as F = GH, with 
G,H G K[X, Y, Z] \ K. By considering the degrees in Y and Z and the 
coefficient of Y Z one shows that, up to permutation and multiplication 
by constants, we have G = P' + Y,H = Q' + Z with P', Q' G K[X\. 
From R + PZ + QY + YZ = (P' + Y)(Q' + Z) one gets P = P', Q = Q' 
and R = P'Q' so R = PQ. Since I(P) = I(P') = /', I(Q) = I(Q') = 
V 1 and I(PQ) = I(R) = I B(F, /", /, K) fails. □ 

Lemma 4.4. Let d > 2 be an integer. We define F, F', I C N 3 as 

/' = ({0, 1} x {0, 1} x {0}) U ({0} x {0, 1} x {1}), 
V' = {0,...,d} x {0,1} x {0} 

and 

/ = (/' + /") \ ({1, • • • , 4 x {0, 2} x {0}) \ {(0, 1, 1), (d, 1, 1)}. 
T/ien -B(/', I", /, -ft') /ioWs and on/y char K \ d. 
Proof .We have 

/' + /" = ({0, . . . , d+ 1} x {0, 1, 2} x {0}) U ({0, . . . , d} x {0, 1, 2} x {1}). 
We denote (X 1 ,X 2 ,X 3 ) = (X,Y,Z). 

UP,Qe K[X, Y, Z\ with I(P) = F, I(Q) = F' then P = P + PiZ, 
where 

i i 

Po = J2J2 a ^3 XiYi alld P l = fl + 

j=0 J=0 
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and 

d 1 

i=0 j=0 

where all Ojj, a^, bij belong to K* . 

Since I(PQ) C P + 7" we have PQ = R + RiZ, where 

d+l 2 d 2 

i=o j=o i=o i=o 

Since (P + P\Z)Q = Rq + R\Z we have P Q = Rq so 

d d+l d d+1 

(a , +ai fi X) ko xi = Yl («o,i+ai,i x ) Y hi < lXl = Yl Ci ^ Xi 

i=0 i=0 i=0 i=0 

d d d+l 

and (a 0)0 + ai, X) ^ ft^X* + (a ,i + ai.iA") ^ ft^X* = Q,i x * 

i=0 i=0 i=0 

and PiQ = Ri so 

(a' + a' 1 y)(6 ii0 + &*,iF) = < + c^F + < 2 F 2 for < i < d. 

Suppose now that char/i" = p \ d and B(I' , I" , I , K) fails so there 
are P, Q G F, Z] with /(P) = P, J(Q) = /" and I(PQ) = I. We 
have d = p l d' with t > and p f d'. Using the above notations the 
condition that I(PQ) = I means Cij = . . . = c^j = for j = 0, 2, 
c o,i = c 'd,i = an( i an other and ■ are 7^ 0. 

We have (a , + a lfi X) Eto ko^ = E£o c *,o^ = c ,o + c d+1 , X d+1 
so ai^ = — cm ,o and b it0 = a*&o,o for < i < d for some a G K* . 
Similarly (a ,i + ai,iX) Eio. & i,i^ = ES ^,2^ = c o,2 + Q+i^X^ 1 
so ai 5 i = — /3a ,i and 6^1 = /3 4 &o,i for < 2 < <i for some /3 G X*. 

We have (a' + a' 1 Y)(b\ + 60,1V) = c 0)0 + c 0i1 F + c 0i2 F 2 = c 0i0 + c 0j2 F 2 

so ^ = -gi. Similarly (a +a' i y)(6 d , + ^i^) = ^o + c^F + c^F 2 = 
<o + < 2 y 2 so I = = -ggj. So = 1. Since char X = p 

d' 



and d = p l d' this implies (f3/a) d =1. It follows that 



V,o a d 'b fi 



Since (a' + a^^o + 6*,^) = + c^F + c^ 2 F 2 we 



fro,i 

bo,o 

get c' d , 1 = 0. Contradiction, (c- x = holds only for % — 0, d) 

Hence B(I',I",I,K) holds if charP" | d. We now prove that it 
fails otherwise. To do this we have to show that if charP" { d there 
are P,Q G K[X,Y,Z\ with /(P) = P, J(Q) = I" and /(PQ) = /. 
We keep the above notation for the coefficients of P,Q, PQ. Since 
char K \ d we have \nd(K)\ = d. Let ( be a primitive <Pth root of unity 
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in K and let a G K* with a fid U { — 1, — C 1 }- We take ao,o = 1, 
a lfi = -1, a ,i = a, = -aC, a' = 1, < = -1 and 6^- = C ij Vi, j. So 
P = i _ X + a(l - (X)Y + (1 - Y)Z and Q = Eto ^ + Eto C X * Y - 
Now 

d+1 d 

c lfl x i = a-x)Y,x i = i- x d+i , 

i=0 i=0 
d+1 d 

£ q, 2 X* = a(l - CX) £ fx* = a(l - (X d+1 ) 



i=0 i=0 



and 



d+1 d d 

^ Clil X l = (1 - X) CX* + a(l - (X) X\ 

i=0 i=0 i=0 

By the way a was chosen co,i = 1 + a ^ 0, Q+^i = — 1 — a( ^ and for 
1 < % < d we have c M = C - C" 1 + a(l - = (C - 1)(0 _1 - a) ^ 0. 
Hence Qj = 0iffl<2<G? and j = 0, 2. 
For < « < d we have 

< + < 1 F + < 2 F 2 = (l-F)(l + Cr) 
so Q = 1, di i = — 1 an( i c i2 = ~~ C- It follows that ■ = iff 

(m)'g{(0,1),Vi)}. 

In conclusion, I(PQ) = I, as claimed. □ 

End of proof for Theorem 4.2. If 5 is a finite set of primes, 

S ^ then let d = Yl pe sP- If 7 '' 7 "' 1 c n3 are the sets defined in 
Lemma 4.4 then B{I', I", I, K) holds iff char K \ d, i.e. iff char K G S. 
This implies that if J C N 5 is defined like in Lemma 4.3 then A (J, K) 
holds iff charfT G 5 so J satisfies the case (a) of Theorem 4.1 for the 
finite set S. □ 



The set J above is included in N 5 , \J\ = \I\ + |/'| + + 1 = 
(Ad + 7) + 6 + {2d + 2) + 1 = 6d + 16 and max{Si | % G J} = d + 3. 
So the polinomials in are in 5 variables and of degree d + 3 and have 
6d + 16 monomials. We will show that one can reduce the number of 
variables to 2, at the expense of increasing the degree to 6d + 15. 

Lemma 4.5. Let I', I", IcN" be finite nonempty with I C I'+I". Let 

£ : Z n — > Z m be a linear function such that i\r+i" is injective and let 
a', a" G Z m such that a' + £(I'), a" + £(I") C N m . Then B(I', I", I, K) 
is equivalent to B{a' + £(!'), a" + 1(1"), a' + a" + £(I), K). 
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Proof. Let Y = (X u ...,X m )so K[Y] = K[X U ...,X m \. 

If G /' with £(i) = Hi!) then for any j G /" i{i + j) = t{i' + j). 
Since i + j, i! + j G I' + I" this implies that i + j = i! + j so i = i'. 
Thus t\p is injective and similarly for tun. Therefore we have the 
bijections /' : W v W a > +E{n , f" : W P > -> +£(/") and / : W r+I „ 
W a , +a/ , +e{I/+n , given by J2iei> a * X * ^ Eie/' J2jei" b j Xj ^ 
£, e /»^ a " + ' 0) E fee /'+/»c fc X fe H- E fee /' + /»c fe r a ' +a " +£ ( fc ). We have 
/'(VrO = V a > +£(//), /"(Vr») = and /(V/) = K'+a» +£(/)• 

If P G WV, Q G then PQ G W^ +J «. If P = £ ie/ , a^, 

Q = Ejg/" anci -PQ = Y.ker+1" °k xk tnen c fe = !>2i,j a ibj, where 

the sum is taken over all i G j G J" with i + j = k. 

Now /'(P) G W a , +m , /"(g) G WV + , (n so f'(P)f"(Q) G tW, +/(J , +/ „) 
so f'(P)f"(Q) = Efc e j'+j« c / fc r a ' +a " +£ ( fc ) for some c' fe G X. This implies 
that for any G /' + /" c' fc = £V . a^-, where the sum is taken over all 
i G /', j G J" with (a' + ^(i)) + (a" + £(j)) = a' + a" + £{K). Since 
i + j,k G i 7 + J" this is equivalent to i + j = k. Hence c' k = so 
f'(P)f"(Q) = f(PQ). 

Suppose now that B(I', I", I, K) fails so there are P G Vp, Q G Vj" 
such that PQ G V T . Then /'(P) G V a > +e(i>), f"(Q) G and 
f'{P)f"{Q) = f(PQ) G V a ,+ a „ +l{1) so P(a' + £(/'), a" + £(/"), a' + a" + 
£(/),fsT) fails. 

Conversely if B(a' + £(P),a" + i(I"), a' + aT_ + fails then 

let P G V a '+e(i>), Q G K" +£(/") such that PQ G K'+a" +<(/)■ Then 
P = /'(P) and_Q = f"(Q) for some P G V r , Q G V/». Since f(PQ) = 

f'(P)f"(Q) = PQ g Ww) we have p Q e V7 so B(I',I",I,K) 

fails. □ 



Lemma 4.6. If I = Y\l =o {0, ■ ■ ■ , h — 1}, where b t > 2 are integers 
and £ : Z s+1 —t X is given by (i , . . . , i 8 ) \-t i + b ii + &0M2 + • • • + 
&i • • • b s ^.ii s then £ defines a bijection between I and {0, . . . , b Q ■ ■ ■ b s — 1}. 
In particular, £\i is injective. 

Proof .We use induction on s. For s = our statement is trivial. Let 
nows > 1. Then I = /'x{0, . . . ,6 a -l}, where V = YY t Zo{0, . . . , b t -l}. 
By the induction hypothesis the linear mapping £' : TL S — > Z given by 
(i , . . . , i s -i) i — y io ~\~ b ii + 60^1^2 + • • • + b\ • • • bs^s-i defines a bijection 
between I' and {0, . . . , 60 • • • b s -i — 1}. 

Now I = II^Tq 1 I' x {j}. But for any i — (i' , j) G I' x {j} we have 
£{i) = £'{i') + b - ■ ■ b s -ij so £ defines a bijection between I' x {j} and 
{0, . . . , 6 • • • & s -i-l}+6 • • • b s -ij = {b --- bs-xj, ...,b --- — 
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1}. Since U^ibo " " A-ij, • • • , &o • • • & s -i(j+l)-l} = {0. . . . , b ■ ■ ■ b s - 
1} we get the desired result. □ 

Note that if bo — . . . — b s — b then Lemma 4.6 amounts to writing 
numbers < b s+1 — 1 in base b. Also note that we have similar results if 
we permutate the roles of the indices 0, . . . , s. 

4.7. We now consider the sets I', I", I C Z 3 from Lemma 4.4. Since 
I'+I" C {0, . . . , d+1} x {0, 1, 2} x {0, 1} by Lemma 4.6 i : Z 3 ->■ Z given 
by k) I— >■ 6?+j + 3A; is injective on 7' + 7". Since t(I'),l(I") C N we 
may apply Lemma 4.5 with a' = a" = 0. Hence the result from Lemma 
4.4 remain true if we replace I', I" and I by £(I'),£(I") and 
That is, if 

/' = {(), 1,3, 4, 6, 7}, 
/" = {6i | < i < d} U {6i + 1 | < i < d}, 
I = {0,2,6rf + 6,6rf + 8}U{6i + l | < % < d+ 1} U {6i + 3 \ < % < d} 
U{6i + 4\ l<i<d-l}U{6i + 5\ 0<i<d} 

then B(I\ J", 7, 7T) holds iff char K \ d. 

We have min7' = min7" = min7 = 0, max I' = 7, max I" = 6d + 1 
and max 7 = 6d + 8. 

Since 7', 7", 7 C N by using Lemma 4.3 one can obtain a set J C N 3 
with Vj(K) = iff charTT | d. The following lemma proves that in fact 
we can take J C N 2 . 

Lemma 4.8. Let I', I", I C N with min7' = min7" = min7 = 0, 

max 7' = g' > 0, max I" — g" > and max 7 = </ + g" . Let K be an 
algebrically closed field. 

(i) Ifh>g',J = h + I, Jx = V U (h + I") and J = ( J x {0}) U 
(Ji x {1}) U {(0,2)} t/ien B{I',I",I,K) is equivalent to A(J,K). 

(ii) If I U {</} ^ 7' U (g' + I") J = g' + I, J: = /' U («/ + 7") or 
7'A(o / +7") anrf J= ( J x {0})U( J x x {1})U{(0, 2)} then B(I', I", 7, K) 
is equivalent to A(J,K). 

Proof. We denote (X 1 ,X 2 ) = (X,Y). 

We prove (i) and (ii) together. For (ii) we make the convention that 
h — g' so in both cases h > g'. We have min7' = 0, max 7' = g', 
mm(h + I") = h and max(/i + I") — h + g". In the case of (i), when 
g' < h, we have I' D (h + I") = 0, min J\ = 0, max J\ — g' + h. Also 
7' = J x n [0, o'] and h + I" = J ± n [h, h + g"]. In the case of (ii), when 
/i = o', we have 7 / n(o / + 7") = {o'} so I'A(g'+I") = 7'U(o' + 7")\{o'}. 
The relations min J 1 = 0, max J 1 = g' + h = g' + o" are preserved, even 
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when P = P U (g' + I") \ {g'}, since g' ^ 0,g' + g". But this time 
/' = (P n [0, g> - 1]) U {g'} and g' + I" = {</} U (P n[g' + l,g' + g"\). 

Assume that B(I',I",I,K) fails so there are P,Q G K[X] with 
I(P) = /', I(Q) = I" and I(PQ) = I. We take F = (AP + r)(X ft Q + 
Y) = XX h PQ + (AP + X h Q)Y + F 2 for some XeK*. Then 

7(F) = (I(XX h PQ) x {0}) U (/(AP + X h Q) x {1}) U {(0, 2)}. 

We have I(XX h PQ) = h + I = J . In the case (i) since /(AP) = /' and 
I(X h Q) = h+I" are disjoint we have I(XP+X h Q) = I'\j{h+I") = P. 
In the case of (ii) we have /(AP) n I{X h Q) = V n (#' + J") = {#'} so 
/(AP + X fe Q) equals I'U(g' + I")\{g'} = I'Atf + I") if the coefficents 
of X 9 in AP and X 9 Q cancel each other and it equals /' U (g' + I") 
otherwise. For suitable choices of A 6 K* each of the two cases can 
occur. In particular, A can be chosen such that /(AP + X 9 Q) = J\. 
In conclusion, 1(F) = J and since F is decomposable we have Zj ^ 
so A(J, K) fails. 

Conversely, assume that A(J, K) fails so there is a decomposable 
F e K[X,Y] with 1(F) = J. Then F = P + R ± Y + Y 2 , where 
Ro,Ri G 7f[X] with /(P ) = 7o, 7(Pi) = J 1 . Since P is decomposable 
we have P = (P + F)(Q + F) so R = PQ, R x = P + Q for some 
P, g G 7T[X]. We have /(P ) = h + 1 so P = ^^P^, where /(P ) = / 
so X \ Pq and deg P = g'+g". Since /(Pi) = /i, min Ji = 0, max J\ = 
h + g" we have X \ R x and deg J x = h + g". Now X \ R 1 = P + Q so we 
may assume that X \ P. Since PQ = P = X^Pq we have Q = X h Q' 
for some Q' G P[X] and PQ' = R' . We will prove that I(P) = V and 
I(Q) =h + I" so Z(g') = /". Since also I(PQ') = I(R' ) = / we have 
that B(r,I",I,K) fails. 

We prove that deg P < h + g". In the case of (i) this follows from 
degP < P = g' + g". In the case of (ii) assume that degP = g' + g" = 
h + g". Then PQ' = R' implies that Q' = A so Q = XX 9 for some 
XeK*. Since AP = R' we have I(P) = I(R' ) = I. Since also 
R 1 = P + Q = P + XX 9 ' and /(Pi) = P we get / U {g'} = P U 
{(?'} = P U ((?' + /"), which contradicts the hypothesis. So in all cases 
deg P < h + g" = deg P = deg(P + Q). It follows that degQ = h + g" 
so deg Q' = g", which, together with deg PQ' = deg R' — g' + g", 
implies degP = g'. Thus max/(P) = g', max/(Q') = g" and since 
X \ R' = PQ' we have min/(P) = min/(g') = 0. Since Q = X h Q' we 
have min/(Q) = h, max I(Q) = h + g". 

We have I(P + Q) = /(Pi) = J\- In the case of (i) we have 
min/(P) = 0, max/(P) = g' < h = min/(Q) and maxI(Q) = h + g" 
so I(P) = P n [0,g'\, I(Q) = Jin[li,H g"}. In the case of (ii) 
min/(P) = 0, max/(P) = g' = min/(Q) and max I(Q) = g' + g" so 
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I(P) = (J, n [0, g> - 1]) U {<?'}, I(Q) = {g>} U (J, n[g'+l,g' + g"]). In 
both cases I(P) = I', I(Q) = h + I", as claimed. □ 

If I", IcN are the sets defined in 4.7 we have mini' = mini" = 
mini = 0, max I' = 7, max I" = 6d + 1 and max I = 6d + 8 so 
we may apply Lemma 4.8 with g' — 7, g" — 6d + 1. Since 2 6/ but 
2 ^ J'U(7 + / / ') we have /U{7} ^ J / U(7 + J") so we may apply Lemma 
4.8(h). We take J = 7 + /, Ji = J'A(7 + 7") = /' U (7 + J") \ {7} and 
J = (J x {0}) U (Ji x {1}) U {(0,2)}. By Lemma 4.8(h) and 4.7 we 
have that A(J, K) iff B(I', J", /, K) iff char Ji" | d. 

Note that max J = 7 + max/ = 6rf + 15 and max J x — g' + g" = 
7+ (6d + 1) = 6c? + 8 so all polynomials in Vj have degree 6o? + 15. Also 
|J | = |/| = 4rf+7and | «7i | = |/'| + 17+/"| -2 = 6 + (2rf+2)-2 = 2rf+6 
so | J| = (4rf + 7) + (2rf + 6) + 1 = 6d + 14 so all polynomials in Vj are 
sums of 6d + 14 monomials. 
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